The sensitivity of the performance measures such as the mean and the standard deviation of the queue length and the blocking probability with respect to the moments of the service time are numerically investigated. The service time distribution is fitted with phase type(PH) distribution by matching the first three moments of service time and the M/G/c retrial queue is approximated by the M/PH/c retrial queue. Approximations are compared with the simulation results.
Introduction
We consider an M/G/c retrial queue in which customers arrive from outside according to a Poisson process with rate λ and there are c identical servers and no waiting positions in the service facility. When an arriving customer finds all the servers busy, the customer joins orbit and repeats its request after an exponential amount of time with rate γ until the customer gets into the service facility. Let S be the service time of a customer whose distribution function is G(x) and assume that G(0) = 0, m k = E(S k ) < ∞, k = 1, 2, 3. We also assume ρ = λm 1 /c < 1 for the stability of the system. Retrial queues have been widely used to model the many practical situations in telephone systems and telecommunication networks. Even for the Markovian retrial queues with multiple servers, the exact results have not been obtained except for some special cases. Instead, attempts to develop algorithmic or approximation methods have been extensively made. However, there are few results for approximations of the M/G/c retrial queues in general. For the literature of algorithms or approximation methods for retrial queues, we refer the monographs Artalejo and Gómes-Correl (2008) , Falin and Templeton (1997) and references.
A distribution function F(x) on (0, ∞) is said to be of phase type with representation (α α α, T ) and denote it by PH(α α α, T ) if F(x) = 1 − α α α exp(T x)e e e, where e e e is the column m-vector whose components are all 1, α α α = (α 1 , α 2 , . . . , α m ) is a probability distribution and T = (t i j ) is the m×m matrix with t ii < 0, 1 ≤ i ≤ m and t i j ≥ 0, i j, and Te e e ≤ 0 0 0 ( 0 0 0). For more details about phase type(PH) distribution, see Chapter 2 of Neuts (1981) . It is well known that the set of PH-distributions is dense (in the sense of weak convergence) in the set of all probability distributions on (0, ∞) (e.g. see Asmussen, 2003, p.84) .
There are some algorithmic methods for the retrial queue with PH distribution of service time e.g. Breuer et al. (2002) , Diamond and Alfa (1999) , Artalejo and Gómes-Correl (2008, Chapter 8) .
However, as far as the authors know, there is no literature on the method of how to choose the PH distribution for approximation of M/G/c retrial queue. In this paper, the effects of the moments of the service time to the performance measures in M/G/c retrial queues are investigated numerically. Based on the numerical experiments, the service time distribution is fitted with phase type distribution by matching the first three moments of service time and the M/G/c retrial queue is approximated with the M/PH/c retrial queue.
In Section 2, we numerically investigate the sensitivity of some performance measures with respect to the moments of service time. An approximation method of service time distribution in M/G/c retrial queue with PH distribution is proposed in Section 3. Some numerical results and concluding remarks are presented in Section 4 and Section 5, respectively.
Sensitivity of M/G/c M/G/c M/G/c Retrial Queue
Let X 0 and X 1 be the number of busy servers and customers in orbit in steady state, respectively and set L 0 = E(X 0 ), L 1 = E(X 1 ). By V 0 and V 1 , denote the variances of X 0 and X 1 , respectively and set
It follows from Little's formula that L 0 = λm 1 does not depend on the second or the higher moments of the service time. For the single server case, it can be seen that that L 1 depend only on the arrival rate λ and the first two moments m 1 and m 2 of the service time and σ 1 is determined by λ and m k , k = 1, 2, 3 (Falin and Templeton, 1997) .
In this section, we investigate numerically how the performance measures are affected by the moments of the service time in multi-server case. For numerical experiments, let E k (µ) be the Erlang distribution of order k with parameter µ and denote by CE k, j (p; µ 1 , µ 2 ) the Coxian distribution with Erlang node that is the composition of the mixture of E k (µ 1 ) and E j (µ 2 ) (see Figure 1 ) whose Laplace transform f * (s) is given by
We also consider the hyper-exponential distribution of order 2, denoted by H 2 (p; µ 1 , µ 2 ) or simply H 2 , with the probability density function of the form
For investigation of the influence of the moment of service time, we choose the distributions as in Table 1 and the numerical results for the blocking probability P B = P(X 0 = c), V 0 , L 1 and V 1 for m 1 = 1.0 and three cases of squared coefficient of variation of the service time C Table 2 . Table 2 : Effects of moments of service time in M/G/3 retrial queue with µ = 1.0 Table 2 shows that P B and V 0 are affected weakly by the second or the higher moments of the service time that is expected from the results for the system with c = 1. We can also see from Table  2 that L 1 and V 1 seem to depend on the third moment m 3 as well as the second moment m 2 . We conclude from Table 2 that for an accurate approximation of the mean and variance of X 0 and X 1 in M/G/c retrial queue using another system, the first three moments of service time should be consistent with those of the original system.
Approximations
There are some moment matching methods for fitting the general distribution by the PH distributions. In this section we briefly introduce moment matching methods to be used for approximation.
Hyper-exponential distribution: If a positive random variable X with the first three moments m i = E(X i ), i = 1, 2, 3 and the squared coefficient of variation satisfy C 2 s > 1 and
then the distribution H 2 (p; µ 1 , µ 2 ) with the preassigned moments m i , i = 1, 2, 3 is uniquely determined by the parameters (see Whitt, 1982 or Tijms, 2003 
where
) .
The requirement (3.1) holds for the gamma distribution, lognormal distribution and Weibul distribution with C 2 s > 1. Coxian distribution with Erlang node: Bobbio et al. (2005) present explicit method to fit the first three moments of a positive random variable by CE 1, j (p; µ 1 , µ 2 ) and CE k,1 (p; µ 1 , µ 2 ); however, the formulae to determine the parameters are too complicated and are omitted here.
Mixture of Erlang distributions of common order: Johnson and Taaffe (1989) provide a method that a mixture E k,k (p; µ 1 , µ 2 ) of two Erlang distributions E k (µ 1 ) and E k (µ 2 ) with probability density function
can fit the first three moments m 1 , m 2 and m 3 of a positive random variable X. The parameters are given by
Once the service time is approximated by a PH distribution, the M/PH/c retrial queue can be easily modeled by a level dependent quasi-birth-and-death process(LDQBD) (e.g. see Artalejo and Gómes-Correl, 2008) and one can use the algorithm in Latouche and Ramaswami (1999) for computing the stationary distribution of LDQBD process. There may be several PH distributions that match the first three moments of service time. It is recommended to use the PH distribution among them as small number of phases as possible to save the computer memory and computing time. 
Numerical Examples
In this section we describe the approximation procedure and make some numerical comparisons for M/G/3 retrial queue. Two service time distributions, Weibul distribution Weib(α, β) with probability density function
and lognormal distribution LN(µ, σ 2 ) with probability density function
are considered. For an approximation, we first choose an appropriate PH distribution by fitting the first three moments of the service time and then compute the performance characteristics of the approximating system. In order to fit the first three moments of the service time distribution with C 2 s < 1, we adopt the method in Bobbio et al. (2005) and the formula (3.2) is used for the case C 2 s > 1. In Table 3 , the approximation results (App.) for M/Weib(α, β)/3 retrial queue with m 1 = 1.0 and C 2 s = 0.5, 2.0, 5.0 are compared with the simulation results (Sim.). For fitting the distribution Weib(α, β), we use the following distributions 
Conclusions
We have investigated numerically the effects of the moments of the service time to the performance measures related with the number X 0 of busy servers and the number X 1 of customers in orbit in M/G/c retrial queue. Numerical experiments show that the effect of the third moment of the service time to L 1 is not negligible especially for ρ small and C 2 s large and the variance V 1 of X 1 is strongly affected by the second moment as well as by the third moment of the service time; however, the distribution of X 0 is less sensitive to the second or higher moment of the service time than X 1 . Based on these observations, we approximate the M/G/c retrial queue by M/PH/c retrial queue where the PH distribution is determined by fitting the first three moments of the service time. Numerical experiments lead to approximations that are significantly accurate for a wide range of service times.
The most common technique to compute the stationary distribution of the number of customers in a multi-server Markovian queue with PH distribution of service time is the matrix analytic method. However, the matrix analytic method requires a long computation time and large memory capacity when both of the number of phases in PH distribution and the number c of servers are large. Therefore, the method is limited to small values of c and to PH distribution of a lower order. The method to approximate the multi-server queue by fitting the service time with PH distributions is not free from the restriction of the matrix analytic method and the application of the method proposed in this paper often restricts the number of servers and the number of phases of PH distribution. However, the many distributions with C 2 s not close to 0 arising in practical situation can be fitted by the PH distribution with the moderate number of phases that reduces the computational problem. For example, the many distributions with C 2 s > 1 can be fitted by the H 2 distribution and the size of the matrix components of the generator of the level dependent quasi-birth-and-death process corresponding to the system M/H 2 /c retrial queue is c + 1.
